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The Kapitza or thermal boundary resistance (TBR), which limits heat dissipation from a thin film
to its substrate, is a major factor in the thermal management of ultrathin nanoelectronic devices
and is widely assumed to be a property of only the interface. However, data from experiments and
molecular dynamics simulations suggest that the TBR between a multilayer two-dimensional (2D)
crystal and its substrate decreases with increasing film thickness. To explain this thickness depen-
dence, we generalize the recent theory for single-layer 2D crystals by Z.-Y. Ong et al. [Phys. Rev. B
94, 165427 (2016)], which is derived from the theory by B. N. J. Persson et al. [J. Phys.: Condens.
Matter 23, 045009 (2011)], and use it to evaluate the TBR between bare N-layer graphene and SiO2.
Our calculations reproduce quantitatively the TBR thickness dependence seen in experiments and
simulations as well as its asymptotic convergence, and predict that the low-temperature TBR scales
as T−4 in few-layer graphene. Analysis of the interfacial transmission coefficient spectrum shows
that the TBR reduction in few-layer graphene is due to the additional contribution from higher flex-
ural phonon branches. Our theory sheds light on the role of flexural phonons in substrate-directed
heat dissipation and provides the framework for optimizing the thermal management of multilayered
2D devices.
I. INTRODUCTION
The Kapitza or thermal boundary resistance [1]
(TBR) RK between a two-dimensional (2D) crystal (e.g.
graphene) and its substrate (e.g. SiO2) determines the
ratio of the temperature difference at the interface (∆T )
to the rate of phonon-mediated heat transfer from the
2D crystal to the substrate (Q), i.e. RK = ∆T/Q,
and thus plays a key role in the control of heat dissi-
pation from atomically thin nanoelectronic devices [2–
7]. In particular, the lattice thermal boundary conduc-
tance (TBC) G, defined as G = R−1K , depends on the
lattice properties of the materials as well as their van
der Waals (vdW) interaction. Although variations in the
Kapitza resistance have been attributed [8–11] to differ-
ences in interfacial roughness and contact as well as to
remote phonon scattering [12, 13], there is increasing ev-
idence from molecular dynamics (MD) simulations [14–
19] and experiments [20–23] that the TBR between an
unencapsulated or bare thin film and its substrate has a
strong thickness dependence for which we have no satis-
factory explanation especially in a layered crystal such as
graphene. It has been observed [14] that the TBR for few-
layer graphene decreases significantly as the film thick-
ness (or the number of layers N) increases and asymp-
totically converges to a fixed value when N is large. This
implies that single or few-layer 2D crystals are less ef-
ficient at dissipating heat to the substrate and must be
factored into the design of high-power nanoelectronic de-
vices.
However, elucidating the physics underlying this TBR
thickness dependence is a challenge given the awkward-
ness of describing single-sided cross-plane phonon trans-
∗ ongzy@ihpc.a-star.edu.sg
port in few-layer films using traditional mismatch mod-
els [1] when the two media are dimensionally differ-
ent [24]. Although MD simulations can reproduce the
room-temperature TBR [14, 18], they are computation-
ally expensive, restricted to the classical regime and con-
strained by size effects [16], and thus they lack direct
insight into more fundamental phononic processes. On
the other hand, an analytical approach in which flexural
phonons are explicitly treated like in Refs. [10, 25] can
shed more light on this thickness dependence by yield-
ing new insights into how the layered geometry and in-
dividual flexural phonon branches affect interfacial heat
dissipation, and thereby improve the control of heat
dissipation in layered films such as vdW heterostruc-
tures [26]. The continuum physics-based approach to
investigating nanoscale interfacial heat dissipation was
first formulated by Persson and co-workers and applied to
the graphene/SiO2 interface in Refs. [9, 10, 27] although
their predicted TBR values are an order of magnitude too
large because of spurious singularities from the use of the
weak-coupling approximation. This treatment is refined
in Ref. [25] where it is shown that the interfacial heat
transport theory can be reformulated into a more con-
ventional Landauer form with a well-defined transmission
coefficient spectrum and that flexural phonon damping is
necessary to yield a finite TBR for single-layer graphene.
In addition, the extended treatment enables us to con-
sider the effects of a superstrate, such as a top SiO2 layer,
on the TBR, yielding the insight that there is significant
distinction between the TBR of a bare 2D crystal and
that of a SiO2-encased sample. In Ref. [25], the calcu-
lated TBR values for bare and SiO2-encased single-layer
graphene [25] are in good agreement with experiments
and show that the incorporation of the SiO2 superstrate
results in a substantial reduction of the TBR because of
the enhanced cross-plane phonon transmission.
In this work, we extend this continuum physics-based
2approach by generalizing our recently developed theory
of cross-plane substrate-directed heat dissipation for bare
single-layer 2D crystals [25] to bare N -layer 2D crystals
and applying it to the graphene/SiO2 interface. This
generalization is essentially made by deriving the Green’s
function for the flexural motion of the thermally active
bottommost sheet in anN -layer stack, as given in Eq. (9),
to obtain the correct expression for the interfacial trans-
mission coefficient function [Eq. (2)] needed for calculat-
ing the thermal boundary conductance. The additional
layers stacked on the bottommost sheet in the N -layer
stack modify its flexural response to the interfacial stress
exerted by the substrate and, as we shall show later, in-
troduce new transmission channels associated with the
higher flexural phonon branches.
Our objectives here are twofold: the first is to elaborate
on the theoretical techniques and concepts introduced in
Ref. [25] to investigate cross-plane heat dissipation from
a 2D crystal and the second is to explain the thickness-
dependent TBR seen in Refs. [14–23]. We thus limit the
scope of our discussion to bare 2D crystals, i.e., mul-
tilayer structures without any superstrate such as a top
SiO2 layer, in order to understand more precisely the ori-
gin of the TBR difference between single and multilayer
2D crystals. We do not discuss the Kapitza resistance
for encased multilayer 2D crystals where there is an ad-
ditional semi-infinite oxide or metal superstrate encapsu-
lating the N -layer 2D crystal because the superstrate also
alters the flexural response of the bottommost sheet in
contact with the substrate and exerts a similar effect on
the interfacial transmission through the introduction of
additional transmission channels [25]. Hence, the theory
presented in this work does not apply to the configura-
tion in which there is a multilayer 2D crystal sandwiched
between two solid slabs like in Refs. [28, 29].
The organization of our paper is as follows. In Sec. II,
we begin with a review of the basic theoretical framework
established in Ref. [25] for describing flexural phonon-
mediated heat dissipation from a one-layer 2D crystal
to its substrate. We then show through the derivation
of Eqs. (9) and (10) how the theory can be general-
ized for a bare N -layer 2D crystal or van der Waals het-
erostructure in which the flexural property of the ther-
mally active bottommost layer is modified by the layers
stacked on top of it. In Sec. III, the theory is applied
to the study of the TBR of the N -layer graphene/SiO2
interface and reproduces the TBR reduction observed
in thicker graphene samples which we attribute to en-
hanced interfacial phonon transmission. Our analysis of
the transmission coefficient spectra shows that the en-
hanced transmission and the reduced TBR are due to
the more efficient transmission of the higher-frequency
flexural phonon branches present in N -layer graphene.
We also show that the TBR converges asymptotically as
expected when N → ∞, giving us the projected TBR
of the graphite/SiO2 interface. The theoretical concepts
and techniques presented in this work are expected to be
useful for the analysis and interpretation of the TBR of
multilayered structures such as few-layer graphene and
van der Waals heterostructures [30].
II. THEORY
A. Basic framework for one-layer 2D crystals
To describe mathematically heat dissipation from a
multilayer 2D crystal, we build on the framework intro-
duced in Ref. [25]. The TBC between a single-layer 2D
crystal and its substrate [see Fig. 1(a)] is expressed in the
Landauer form as [25]
G(T ) =
1
(2pi)3
ˆ
d2q
ˆ ∞
0
dω~ω
∂f(ω, T )
∂T
Ξ(q, ω) , (1)
where f(ω, T ) = [exp(~ω/kBT ) − 1]−1 is the Bose-
Einstein distribution function at frequency ω and tem-
perature T . The spectrum of the interfacial transmission
coefficient function Ξ(q, ω), where
Ξ(q, ω) =
4K2ImDsub(q, ω)ImD2D(q, ω)
|1−K[Dsub(q, ω) +D2D(q, ω)]|2 (2)
and q is the transverse wave vector, provides an intu-
itive depiction of the phononic contributions to interfacial
transmission and satisfies the constraint 0 < Ξ(q, ω) ≤ 1.
In Eq. (2), K is the spring constant per unit area at the
interface between the 2D crystal and the substrate while
Dsub(q, ω) and D2D(q, ω) are the retarded Green’s func-
tions for the substrate surface and the single-layer 2D
crystal, respectively, that describe their flexural or out-
of-plane displacement response to the interfacial stress
σint(q, ω). Assuming an isotropic elastic solid substrate,
we have [10, 25, 31]
Dsub(q, ω) =
i
ρsubc2T
pL(q, ω)
S(q, ω)
(
ω
cT
)2
(3)
where S(q, ω) = [(ω/cT )
2 − 2q2]2 + 4q2pT pL,
pL(q, ω) = limη→0+ [(ω/cL)
2 − q2 + iη]1/2, pT (q, ω) =
limη→0+ [(ω/cT )
2 − q2 + iη]1/2, and cL, cT and ρsub are
its longitudinal and transverse velocities, and its mass
density per unit volume, respectively.
If the 2D crystal is bare, i.e., it has no superstrate,
then D2D(q, ω) in Eq. (2) can be written as [25, 32]
D2D(q, ω) = [ρω
2 + iργω − κq4]−1 , (4)
where ρ, κ and γ are the mass density per unit area,
the bending rigidity and the frequency-dependent flexu-
ral damping function of the 2D crystal, respectively. On
the other hand, if there is a superstrate such as an ox-
ide layer on top of the 2D crystal (i.e. the 2D crystal is
encased), then we have D2D(q, ω) = D2D(q, ω), where
D2D(q, ω) = [ρω
2 + iργω − κq4 − P (q, ω)]−1 (5)
3is the retarded Green’s function of the encased 2D sheet,
P (q, ω) = gtop[1 − gtopDtop(q, ω)]−1 is the ‘self-energy’
contribution from coupling to the superstrate, and gtop
is the spring constant per unit area at the top interface.
The function Dtop(q, ω) represents the retarded Green’s
function for the bottom surface of the superstrate un-
coupled to the thermally active 2D crystal sheet immedi-
ately beneath it. For a superstrate that is a semi-infinite
isotropic elastic solid [25], Dtop(q, ω) has the same func-
tional form as Eq. (3) although the functional form can
be different for other superstrates.
B. Generalization to two- and N-layer 2D crystals
To generalize the TBC model in Ref. [25], we first dis-
cuss the case for the two-layer crystal [see Fig. 1(b)],
which can be a homogeneous material like bilayer
graphene or a composite like a graphene/MoS2 vdW het-
erostructure [33]. We do not assume that the two layers
are identical for the sake of generality. The TBC cal-
culation using Eqs. (1) and (5) requires us to determine
D2D(q, ω) and Dtop(q, ω). In our approach, we treat the
two-layer system as an encased one-layer 2D crystal, and
identify the top layer (sheet 1) as the ‘superstrate’ and
the bottom layer (sheet 2) as the thermally active sheet
that dissipates heat to the substrate. Hence, we write
Dtop(q, ω) = D
(1)
2D(q, ω), where
D
(1)
2D(q, ω) = [ρ1ω
2 + iρ1γ1ω − κ1q4]−1 (6)
is the retarded Green’s function for the uncoupled sheet
1 like in Eq. (4) and ρ1, γ1 and κ1 are the areal mass den-
sity, the frequency-dependent flexural damping function
and bending rigidity, respectively, for sheet 1. We write
the retarded Green’s function for the bottom layer (sheet
2), which is coupled to the top layer but uncoupled to the
substrate, as D2D(q, ω) = D
(2)
2D(q, ω), where
D
(2)
2D(q, ω) = [ρ2ω
2 + iρ2γ2ω − κ2q4 − P2]−1 , (7)
and
P2(q, ω) = g2,1[1− g2,1D(1)2D(q, ω)]−1 (8)
is the ‘self-energy’ of sheet 2 from coupling to sheet 1
and corresponds to the change in the flexural response of
sheet 2 due to that coupling. The terms ρ2, γ2 and κ2 rep-
resent the areal mass density, the frequency-dependent
flexural damping function and bending rigidity, respec-
tively, for sheet 2 while g2,1 is the spring constant per unit
area coupling sheets 1 and 2. Physically, D
(2)
2D(q, ω) is the
mechanical transfer function that describes the flexural
response of sheet 2 to the interfacial stress exerted on its
bottom surface by the substrate.
We make the observation that in the two-layer crystal,
D
(n)
2D (q, ω) for n = 1, 2 describes the flexural response of
sheet n to the interfacial stress exerted from the bottom
and, for n = 2, includes only the effects of mechanical
coupling to the sheet immediately above it via the self-
energy term in Eq. (8). Also, the bottom layer (sheet
2) is the thermally active sheet from which heat is dissi-
pated to the substrate. This suggests that for the N -layer
crystal where the individual sheets are numbered from 1
(top) to N (bottom) as shown in Fig. 1(c), the flexural
response of the thermally active bottom layer (sheet N)
is described by the Green’s function
D
(N)
2D (q, ω) = [ρNω
2 + iρNγNω − κNq4 − PN ]−1 , (9)
where PN (q, ω) = gN,N−1[1 − gN,N−1D(N−1)2D (q, ω)]−1
and gN,N−1 is the spring constant per unit area cou-
pling sheets N and N − 1. In effect, D(N)2D (q, ω) depends
on D
(N−1)
2D (q, ω) which in turn depends on D
(N−2)
2D (q, ω)
and so on. Thus, we can recursively define D
(n)
2D (q, ω) for
n = N,N − 1, . . . , 1 with D(1)2D(q, ω) defined in Eq. (6)
describing the flexural response of sheet 1 at the top of
the N -layer stack.
In the N -layer 2D crystal composed of identical sheets,
we have ρ1 = . . . = ρN = ρ, κ1 = . . . = κN = κ and γ1 =
. . . = γN = γ(ω) while the interlayer spring constant per
unit area is given by gN,N−1 = . . . = g2,1 = g, and there
are N flexural phonon branches. Therefore, D
(N)
2D (q, ω),
the retarded Green’s function for the flexural motion of
the thermally active bottom sheet, can be expressed as a
weighted sum of the contributions by the flexural phonon
branches, i.e.,
D
(N)
2D (q, ω) =
N∑
n=1
fn
ρω2 + iργ(ω)ω − ρω(N)n (q)2
(10)
where f1 =
1
N and fn =
1
N [1+ cos
(n−1)pi
N ] for 1 < n ≤ N
are the weights. The details of the derivation of Eq. (10)
are given in the Appendix. The term ω
(N)
n (q) describes
the phonon dispersion for the n-th branch and is given
by
ω(N)n (q) =
√
κ
ρ
q4 + (Ω
(N)
n )2 , (11)
where Ω
(N)
n =
√
4g
ρ
∣∣∣sin (n−1)pi2N
∣∣∣ is the Γ-point (q = 0)
phonon frequency for the n-th phonon branch in the N -
layer 2D crystal [34, 35].
III. RESULTS AND DISCUSSION
A. Dependence of TBR on film thickness and
temperature
To evaluate the effectiveness of the theory, we com-
pute RK for the graphene/SiO2 interface for different N
using Eqs. (1) and (10), and plot the results in Fig. 2
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Substrate Substrate
Sh. 2
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Figure 1. Schematic of the substrate-supported (a) one-layer,
(a) two-layer and (c) N-layer 2D crystal. Adjacent sheets are
connected to each other by a harmonic force (represented by
the springs). In our convention, the individual sheets in the
“superstrate” are numbered from 1 to N−1 with sheet 1 (‘Sh.
1’) being the topmost sheet and sheet N (‘Sh. N ’) being the
bottommost sheet. Direct interfacial heat transfer occurs only
between the thermally active bottom sheet and the substrate.
alongside data from experiments [20] and MD simula-
tions [14] for comparison. The parameters cL, cT , ρsub,
ρ and κ and the damping function γ(ω) for the flexu-
ral motion of individual graphene sheets are taken from
Ref. [25] while we set g = 1.095× 1020 Nm−3 which we
estimate from the Γ-point interlayer breathing mode fre-
quency (ωB = 11.2 meV) for bilayer graphene [36] using
the formula g = 12ρω
2
B derived from Eq. (11). In the
N → ∞ limit where we have graphite, the frequency
spacing between the flexural phonon dispersion curves
vanishes and this value of g can be used to estimate cz
the speed of sound in the out-of-plane direction. Our esti-
mate using the expression cz = a
√
g/ρ, where a = 0.335
nm is the interlayer spacing in graphite, yields cz = 4021
ms−1, in excellent agreement with reported values [37].
We also define the effective TBR (R′K), which corre-
sponds to the higher thermal resistance due to contact
imperfections at the interface [38, 39], as R′K = RK/χ
where 0 < χ ≤ 1 is the effective contact between
graphene and the substrate, and plot R′K for χ = 0.72.
Figure 2 shows RK exhibiting a thickness dependence
qualitatively similar to the MD simulation data [14]: RK
decreases as N increases and converges asymptotically
at large N . Quantitative agreement between our theory
and the MD simulation data improves when we use R′K
instead of RK, indicating contact imperfection as a pos-
sible cause of discrepancy. Other possible explanations
for the discrepancy include: (1) the fact that a contin-
uum theory like ours cannot perfectly describe the dy-
namics of an atomistic model especially outside the long-
wavelength regime, and (2) the variations in the effective
elasticity parameters which can lead to differences in the
computed TBR values. For instance, the Brenner-type
interatomic potentials [40] used in Ref. [14] have been
shown [41] to yield a smaller bending rigidity value which
corresponds to a lower numerical value for the TBC (or
higher RK) in our theory. In addition, finite-size effects
in MD simulations can be another source of discrepancy.
The R′K values also broadly agree with the experimen-
tal data from Ref. [20] although the spread in the exper-
imental values, possibly due to variation in the effective
contact of the interface (χ) as well as other experimental
factors, makes it difficult for us to fit the data properly.
Indeed, the simulated RK curve corresponding to χ = 1
in Fig. 2 sets the lower bound for the range of TBR values
extracted from Ref. [20] except at N = 5 and 6, suggest-
ing that a significant percentage of the interface may not
be in perfect (χ = 1) contact for most samples. Another
possible cause of the poor disagreement is the corruga-
tion of the graphene/SiO2 interface [42] which may intro-
duce stochastic variation in the measured TBR not cap-
tured by our theory. Modeling this corrugation effect on
the TBR however requires additional modification of our
theory and a deeper understanding of the connection be-
tween interfacial heat flow and contact mechanics, which
is beyond the scope of the current work although it is
discussed in Ref. [27]. We also obtain R′K = 1.14× 10−8
m2KW−1 for N = 100 which approximates our pro-
jection for the effective TBR of the room-temperature
graphite/SiO2 interface. This numerical value is com-
parable to the room-temperature TBR value (∼ 10−8
m2KW−1) obtained by Schmidt and co-workers [43] for
the interface between highly ordered pyrolytic graphite
(HOPG) and Al film with a 5-nm Ti adhesion layer al-
though such a comparison between this TBR value and
our projected effective TBR for the graphite/SiO2 inter-
face cannot be rigorously made as the substrate materials
are different.
Figure 3 also shows the TBR for N = 1 to 13 and
T = 20 to 600 K decreasing with temperature and scal-
ing approximately as RK ∝ T−4 at low temperatures
instead of the typical T−3 behavior [1] seen in nonlay-
ered systems [44, 45]. The RK ∝ T−4 behavior is also
noted in Ref. [25] and is attributed to the ω3 scaling of
the total interfacial transmission Θ(ω) at low frequen-
cies. At low temperatures (T ≤ 100 K), the difference
in RK for N = 1 and N = 13 is significantly larger, by
almost an order of magnitude, than the difference at high
temperatures (T ≥ 300 K).
B. Dependence of the interfacial transmission
spectrum on film thickness
The TBR reduction in thicker samples shown in Fig. 2
can be interpreted in terms of changes in the overall
phonon transmission between graphene and the SiO2
substrate. To quantify the overall phonon transmission,
we define the frequency-dependent transmission function
per unit area [25]
Θ(ω) =
1
(2pi)2
ˆ
d2qΞ(q, ω) . (12)
Figure 4(a) shows Θ(ω) for N = 1, 2, 3, 6, 10, 40 and
100, with the N = 100 spectrum approximating the
graphite/SiO2 interface. We find that as N increases,
the additional layers result in substantial enhancement
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Figure 2. Comparison of the theoretical room-temperature
thermal boundary resistance (RK) vs. number of graphene
layers (N) (circles) with data taken from experiments [20]
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Figure 3. Thermal boundary resistance of the graphene/SiO2
interface for N = 1 to 13 and T = 20 to 600 K. The inset
shows the same data from T = 100 to 400 K with a linear
scale.
of Θ(ω) especially at lower frequencies. Hence, we at-
tribute the decrease in TBR for few-layer graphene to the
progressively enhanced cross-plane transmission of low-
frequency modes as N increases. In addition, we also
observe a number of peaks in Θ(ω) which increases as
N gets larger. This can be more clearly seen in the in-
set of Fig. 4(a) where the smooth N = 1 spectrum is
contrasted with the N = 6 spectrum with five peaks, of
which the higher frequency ones are sharper and more
closely spaced. In general, there are N − 1 peaks in the
transmission spectrum of N -layer graphene although the
peaks gradually merge together when N is large as is ev-
ident from the N = 40 and 100 spectra which are prac-
tically identical for ω > 15 meV.
The origin of the enhanced phonon transmission and
the transmission peaks can be connected to the flexu-
ral phonon dispersion in N -layer graphene by analyzing
the transmission coefficient function Ξ(q, ω) which we
plot for different values of N in Fig. 4(b)-4(g). In one-
layer graphene [Fig. 4(b)], the low-q part of the trans-
mission coefficient spectrum corresponding to the only
flexural phonon branch is insignificant because the as-
sociated phonon frequencies are less than the substrate
bulk transverse acoustic frequencies, i.e. ω < cT q, which
results in weak coupling between the low-frequency flex-
ural phonon modes and the substrate as pointed out
in Ref. [25] In two-layer graphene [Fig. 4(c)], the lower
phonon branch does not contribute significantly to in-
terfacial transmission like in one-layer graphene since
ω < cT q but the upper phonon branch contribution is
more pronounced in the low-q part of the transmission
spectrum as the associated upper branch modes satisfy
the condition ω > cT q. The contribution from the higher
phonon branches becomes more substantial for three,
six and ten-layer graphene [Figs. 4(d)-4(f)]. In partic-
ular, the higher phonon branches show sharper trans-
mission peaks, indicating more efficient interfacial trans-
mission. Therefore, we attribute the enhanced cross-
plane phonon transmission and hence the lower TBR of a
thicker graphene film to the interfacial transmission con-
tribution from its additional flexural phonon branches,
which becomes more pronounced for low frequencies and
produces the greater low-temperature RK change with
respect to N seen in Fig. 3. Also, the transmission peaks
in Fig. 4(a) are due to the long wavelength (q → 0) modes
of the N−1 higher flexural branches in N -layer graphene.
However, when N is large [e.g., N = 40 in Fig. 4(g)],
the contribution to interfacial transmission becomes
much less dependent onN . This can be explained by not-
ing that the transmission coefficient function in Eq. (2)
can be expressed as the sum of the transmission by each
phonon branch, i.e.,
Ξ(q, ω) =
N∑
n=1
4K2ImDsub(q, ω)ImDn(q, ω)
|1−K[Dsub(q, ω) +D2D(q, ω)]|2 (13)
where Dn(q, ω) is the summand in Eq. (10) and is
proportional to the weight fn which scales as N
−1.
Therefore, at large N , the transmission contribution in
Eq. (13) by each closely spaced phonon branch scales
as N−1 and thus, the total transmission and the TBR
converge asymptotically with respect to N because the
additional transmission contribution from having more
phonon branches is canceled out by the diminishing con-
tribution of each branch. This weak N dependence is
also evident from the very similar transmission spectra
for N = 40 and 100 in Fig. 4(a).
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Figure 4. (a) Overall transmission per unit area Θ(ω) for
N = 1, 2, 3, 6, 10, 40 and 100, with the N = 100 spectrum
(shaded gray) approximating the graphite/SiO2 spectrum.
The inset compares the low-frequency spectra for N = 1
and N = 6 with peak positions in the latter indicated by
arrows. We also plot the transmission coefficient spectrum
Ξ(q, ω) for (b) 1-, (c) 2-, (d) 3-, (e) 6-, (f) 10-, and (g) 40-
layer graphene. The thin black dashed lines correspond to the
flexural phonon branch dispersion given by Eq. (11), while the
thicker green dashed lines correspond to the bulk transverse
acoustic phonon dispersion for the substrate (ω = cT q).
IV. SUMMARY AND CONCLUSIONS
In summary, we have generalized the theory of heat dis-
sipation in Ref. [25] to multilayer 2D crystals and used
it to evaluate the TBR of the graphene/SiO2 interface
for different layer numbers and temperatures. The key
idea in the generalization is to treat the top N − 1 lay-
ers in an N -layer stack as a superstrate. The numeri-
cal results show that the TBR decreases with N , con-
sistent with what has been observed in MD simulations
and experiments, and converges asymptotically to a con-
stant corresponding to the graphite/SiO2 TBR. Our the-
ory explains (1) the TBR reduction with respect to layer
number in terms of the enhanced interfacial transmission
contribution by the additional flexural phonon branches
and (2) its asymptotic convergence, and predicts a low-
temperature RK ∝ T−4 behavior. It can also opens up
new possibilities of heat dissipation control through mod-
ification of the layered structure.
ACKNOWLEDGMENTS
This work was supported in part by a grant from
the Science and Engineering Research Council (152-70-
00017) and financial support from the Agency for Science,
Technology and Research (A*STAR), Singapore.
Appendix: Derivation of D
(N)
2D
(q, ω)
Here, we derive D
(N)
2D (q, ω) in Eq. (10). The equations
of motion for layers 1 to N in the N -layer system can be
written as
− (ρω2 + iργω − κq4)u1 = −g(u1 − u2) , (A.1a)
− (ρω2 + iργω − κq4)uN = −g(uN − uN−1) (A.1b)
−(ρω2+iργω−κq4)uj = −g(2uj−uj−1−uj+1) , (A.1c)
where j = 2, . . . , N − 1 and ul = ul(q, ω) is the flexural
displacement of the l-th layer. We can express Eq. (A.1)
more compactly as an eigenvalue equation
N∑
j=1
(Vij − zδij)uj = 0 , (A.2)
where z(q, ω) = ρω2 + iργ(ω)ω − κq4, Vij = −g(δi,j−1 +
δi,j+1) for i 6= j and Vii =
∑N
j=1(δij − 1)Vij for i =
1, . . . , N . The matrix V is an N × N tridiagonal ma-
trix in which the off-diagonal elements have a value of
−g and the diagonal elements are equal to the negative
sum of the off-diagonal values in the row. Therefore,
the n-th eigenvalue of V in Eq. (A.2) is given by [34]
zn = 4g sin
2
[
(n−1)pi
2N
]
while the flexural displacement
of the j-th layer for the corresponding n-th normalized
eigenvector is
unj =
√
2
N
cos
[
(n− 1)(2j − 1)pi
2N
]
(A.3)
for n = 2, . . . , N and unj = 1/
√
N for n = 1. The N ×
N matrix describing the Green’s function of the system
can be written as a resolvent, i.e., Gij(z) =
(
1
z−V
)
ij
=∑N
n=1(u
n
i )
†unj (z − zn)−1. Thus, the flexural response of
the bottommost layer (j = N) is
D
(N)
2D (q, ω) = GNN (z(q, ω)) =
N∑
n=1
fn
z(q, ω)− zn , (A.4)
where f1 =
1
N and fn =
1
N [1+cos
(n−1)pi
N ] for 1 < n ≤ N .
In the largeN limit, we can write Eq. (A.4) as an integral,
i.e.,
lim
N→∞
D
(N)
2D (q, ω) =
1
pi
ˆ pi
0
dθ
1 + cos θ
z(q, ω)− 4g sin2(12θ)
.
(A.5)
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